We give nontrivial bounds in various ranges for exponential sums of the form n∈S (x,y) exp(2πiaϑ n /m) and
INTRODUCTION
For an integer m 1, let Z m denote the ring of integers modulo m, and let Z * m be the group of units in Z m ; recall that Z * m can be identified with the set of congruence classes a (mod m) with gcd(a, m) = 1. Let ϑ be a fixed element in Z * m of multiplicative order t 1.
There is a rich history of study which involves character sums with the exponential function ϑ n (and the distribution of its values) as the integer n varies over the interval [1, x] ; see [16] [17] [18] [19] [20] (1) where e m (z) = exp(2πiz/m) for all z ∈ R, and S is a subset of the integers in [1, x] defined by certain arithmetical conditions, including:
• S = the set of primes or the set of squarefree integers (cf. [1] );
• S = the set of squares or higher powers (cf. [7, 8] );
• S = a cyclic subgroup of Z * t (cf. [7] [8] [9] ); • S = the set of products of elements from two arbitrary (sufficiently large) subsets of Z t (cf. [10] ); • S = the set of squarefull or, more generally, k-full integers (cf. [5, 21] );
• S = the set of integers having a prescribed sum of g-ary digits in a fixed base g 2 (cf. [2, 11] ).
We remark that, for many sets S (especially those that are quite thin), the associated character sums (1) are much harder to control than sums which correspond to the full set of integers in the interval [1, x] . In this paper, we initiate the study of character sums (1) in the special case that S is a collection of smooth numbers in [1, x] . More precisely, recall that a positive integer n is said to be y-smooth provided that P (n) y, where P (n) is the largest prime factor of n (with the usual convention that P (1) = 1). Let S(x, y) denote the set of all y-smooth positive integers n x, and let S t (x, y) be the subset of integers n ∈ S(x, y) with gcd(n, t) = 1. Here, we consider the problem of bounding the character sums
where a is a fixed element of Z * m (note that there is no loss in generality in assuming that a and m are coprime). We obtain nontrivial bounds for these sums for a wide range in the xy-plane, provided that t is sufficiently large.
All of our bounds are uniform over all integers a ∈ Z * m and over all integers ϑ ∈ Z * m with the same multiplicative order t.
PREPARATION
In what follows, the letters p, q, r always signify prime numbers, x, y, z real numbers, and n a positive integer. In the special case that m = q is prime, the results of [12] 
where the implied constant depends only on δ.
We also need the following upper bound for weighted double sums, which is a simplified version of Lemma 2. 
In the special case that m = q is a prime number, Lemma 2. 
As before, Lemma 5 is nontrivial only when t q 1/2+δ for some fixed δ > 0. If the multiplicative order of ϑ is smaller than this, we can use the following result from [3] 
provided that t q δ , where the implied constant depends only on δ.
The following result, which is Lemma 10.1 of [22] , helps us to relate the double sums of Lemmas 4 and 5 to the sums over smooth numbers: Lemma 7. Suppose that 2 y z < n x and n ∈ S(x, y). Then there exists a unique triple (p, u, v) of integers with the properties: Proof. Let a be fixed. We have
For the first sum, the well-known bounds for exponential sums with ϑ n over the interval [1, x] (see [16] [17] [18] [19] [20] ) lead to the estimate n x e m (aϑ n ) (x/t + 1)m 1/2 log m; (2) for example, see Lemma 2.1 of [1] .
We now concentrate on the second sum. For each integer n included in the sum, we have a unique representation n = kp with a prime p > y and a positive integer k such that P (k) p. Hence,
. 
Since the first term never dominates, we obtain the desired estimate for the sums T a (m, x, y).
For the sums T * a (m, x, y), we apply the inclusion-exclusion principle to detect the coprimality condition gcd(n, t) = 1. Thus, Proof. We follow the same lines as in the proof of Theorem 8 except that, instead of (2), we apply the bound n x e q (aϑ n ) (x/t + 1)tq
from [4] (which holds with some η 0 > 0 depending only on δ) and instead of Lemma 1 we apply Lemma 3 to the inner sum in (3) 
where, as before, τ (t) denotes the number of divisors of t. Using the bound τ (t) = t o(1) , we conclude the proof. P
In certain ranges (for example, when y is small relative to t and m), a different approach based on the Vaughan identity (see [22] ) leads to sharper estimates. Writing v = pw, we obtain the bound:
e m (aϑ pwu ) . 
For any real number in the range
Here, we have used (5) together with the trivial estimates:
Taking z = (x/ ) 1/2 (to balance 2 and 3 ) and = x −1 t 2 log 4 y (to balance 3 and 4 ), we see that Noting that the bound is trivial when y m, we can assume that log y = m o(1) and thus remove it (for simplicity) without incurring any loss in our estimate. Next, we observe that 
REMARKS
It would be natural to try to refine our results via one of the recursive identities commonly used in studying the distribution of smooth numbers. However it seems that such identities do not give any additional improvement in the case of exponential sums. One can easily improve the factor log x/ log y in the bound of Theorem 10 by treating the corresponding divisor sum in a more intelligent manner. This however gives an improvement only when x is much larger than y, and y is much larger than q. But it is very plausible that in this range one can get a much better bound by simply using results about the uniformity of distribution of smooth numbers in arithmetic progressions; see [13, 14] .
We remark that Lemma 2 improves Theorem 3.2 of [1] , which has the factor t −1/6 instead of the factor t −1/4 that appears here. Now, it is known that, for any fixed ϑ 2 and any function δ(q) → 0, the inequality t q 1/2+δ(q) holds for almost all primes q; see [6] . In particular, we see from Lemma 3 that the Mersenne numbers M p = 2 p − 1 with p x 2+δ are asymptotically uniformly distributed modulo q, for almost all primes q x.
